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Abstract
In this work, we present a new sharpened version of the classical Neuberg–Pedoe inequality. As an application, the following
improved Neuberg–Pedoe inequality is derived:
a2θ1 (b
2θ
2 + c2θ2 − a2θ2 )+ b2θ1 (c2θ2 + a2θ2 − b2θ2 )+ c2θ1 (a2θ2 + b2θ2 − c2θ2 ) ≥ 3(16/3)θ Fθ1 Fθ2 + 2(aθ1bθ2 − aθ2bθ1)2
+ 2
(√
aθ1b
θ
1(b
θ
2 + cθ2 − aθ2 )(cθ2 + aθ2 − bθ2)−
√
aθ2b
θ
2(b
θ
1 + cθ1 − aθ1 )(cθ1 + aθ1 − bθ1)
)2
.
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1. Introduction
In what follows, we denote by ai , bi , ci the sides and by Fi the area of the triangle Ai BiCi (i = 1, 2). The famous
Neuberg–Pedoe inequality reads as follows:
a21(b
2
2 + c22 − a22)+ b21(c22 + a22 − b22)+ c21(a22 + b22 − c22) ≥ 16F1F2, (1)
with equality if and only if the two triangles A1B1C1, A2B2C2 are similar ([1]; see also [2, pp. 354]).
The Neuberg–Pedoe inequality (1) has attracted the interest of many mathematicians and has motivated a large
number of research papers involving different proofs, various generalizations, improvements and applications. An
excellent survey on this inequality can be found in the well-known monograph [2], which contains 38 references on
this subject.
Recently, the following sharpened version of the Neuberg–Pedoe inequality, which was presented by Gao in [3],
has come to our attention:
a21(b
2
2 + c22 − a22)+ b21(c22 + a22 − b22)+ c21(a22 + b22 − c22) ≥ 16F1F2 + 2(a1b2 − a2b1)2, (2)
with equality if and only if the two triangles coincide in their angles C1 and C2.
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In this work, we give a new sharpened version of the Neuberg–Pedoe inequality by means of a recursive relation of
the sides of a triangle. This is then a further improvement of L. Gao’s inequality (2). In Section 4, the main result will
be used for establishing an exponential generalization of the Neuberg–Pedoe inequality. Some other closely related
inequalities are also considered there.
2. Lemmas
Throughout the work we shall use the notation a, b, c defined by
a = √a(b + c − a), b = √b(c + a − b), c = √c(a + b − c).
Lemma 1 (See [2, p. 113]). Let ABC be a triangle of sides a, b, c and area F. Then a, b, c are sides of another
triangle with area F.
Lemma 2 (Oppenheim’s Inequality [4]). Let ABC be a triangle of sides a, b, c and area F. Then there exists a
triangle of sides aθ , bθ , cθ (0 < θ < 1) and the area F(θ) such that
F(θ) ≥ (√3/4)(1−θ)Fθ . (3)
The equality holds in (3) if and only if the triangle ABC is equilateral.
Lemma 3. Let
H(a1, b1, c1, a2, b2, c2) = a21(b22 + c22 − a22)+ b21(c22 + a22 − b22)+ c21(a22 + b22 − c22)− 2(a1b2 − a2b1)2.
Then
H(a1, b1, c1, a2, b2, c2) = H(a1, b1, c1, a2, b2, c2)+ 2
(√
a1b1
a2b2
· a2 · b2 −
√
a2b2
a1b1
· a1 · b1
)2
. (4)
Proof. By direct computation, we find that
H(a1, b1, c1, a2, b2, c2) = a21(b22 + c22 − a22)+ b21(c22 + a22 − b22)+ c21(a22 + b22 − c22)− 2(a1b2 − a2b1)2
= 4a1b1a2b2 − (a21 + b21 − c21)(a22 + b22 − c22).
We thus have
H(a1, b1, c1, a2, b2, c2) = 4
√
a1b1a2b2(b1 + c1 − a1)(c1 + a1 − b1)(b2 + c2 − a2)(c2 + a2 − b2)
− (c21 − a21 − b21 + 2a1b1)(c22 − a22 − b22 + 2a2b2)
= 4√a1b1a2b2(b1 + c1 − a1)(c1 + a1 − b1)(b2 + c2 − a2)(c2 + a2 − b2)
− (c21 − a21 − b21)(c22 − a22 − b22)− 2a1b1(c22 − a22 − b22)− 2a2b2(c21 − a21 − b21)− 4a1b1a2b2
= 4√a1b1a2b2(b1 + c1 − a1)(c1 + a1 − b1)(b2 + c2 − a2)(c2 + a2 − b2)− (c21 − a21 − b21)(c22 − a22 − b22)
− 2a1b1[c22 − (a2 − b2)2] − 2a2b2[c21 − (a1 − b1)2] + 4a1b1a2b2
= 4√a1b1a2b2(b1 + c1 − a1)(c1 + a1 − b1)(b2 + c2 − a2)(c2 + a2 − b2)− (a21 + b21 − c21)(a22 + b22 − c22)
+ 4a1b1a2b2 − 2a1b1(b2 + c2 − a2)(c2 + a2 − b2)− 2a2b2(b1 + c1 − a1)(c1 + a1 − b1)
= −2
(√
a1b1(b2 + c2 − a2)(c2 + a2 − b2)−
√
a2b2(b1 + c1 − a1)(c1 + a1 − b1)
)2
− (a21 + b21 − c21)(a22 + b22 − c22)+ 4a1b1a2b2
= −2
(√
a1b1
a2b2
· a2 · b2 −
√
a2b2
a1b1
· a1 · b1
)2
+ H(a1, b1, c1, a2, b2, c2).
Lemma 3 is proved. 
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3. Main results
Theorem 1. Let n be a natural number. Then for any two triangles A1B1C1 and A2B2C2 we have the following
inequality:
a21(b
2
2 + c22 − a22)+ b21(c22 + a22 − b22)+ c21(a22 + b22 − c22) ≥ 16F1F2 + 2 (a1b2 − a2b1)2
+ 2
n∑
j=1
(√
a1 jb1 j
a2 jb2 j
· a2 j · b2 j −
√
a2 jb2 j
a1 jb1 j
· a1 j · b1 j
)2
, (5)
where ai j , bi j , ci j are recursively defined by ai1 = ai , bi1 = bi , ci1 = ci (i = 1, 2) and ai j = ai, j−1, bi j =
bi, j−1, ci j = ci, j−1, j ≥ 2 (i = 1, 2).
Furthermore, the equality holds in (5) if and only if the two triangles coincide in their angles C1 and C2.
Proof. It follows from Lemma 1 and the assumption of Theorem 1 that there exist two sequences of triangles
{A1 j B1 jC1 j } and {A2 j B2 jC2 j } with the sides (a1 j , b1 j , c1 j ) and (a2 j , b2 j , c2 j ), respectively ( j = 1, 2, . . . , n + 1).
Furthermore, their areas satisfy F1 j = F1, F2 j = F2 for j = 1, 2, . . . , n + 1.
Let
H j = a21 j (b22 j + c22 j − a22 j )+ b21 j (c22 j + a22 j − b22 j )+ c21 j (a22 j + b22 j − c22 j )− 2(a1 jb2 j − a2 jb1 j )2.
Using Lemma 3 we get
H j = H j+1 + 2
(√
a1 jb1 j
a2 jb2 j
· a2 j · b2 j −
√
a2 jb2 j
a1 jb1 j
· a1 j · b1 j
)2
( j = 1, 2, . . . , n). (6)
Adding all identities in (6) gives
n∑
j=1
H j =
n∑
j=1
H j+1 + 2
n∑
j=1
(√
a1 jb1 j
a2 jb2 j
· a2 j · b2 j −
√
a2 jb2 j
a1 jb1 j
· a1 j · b1 j
)2
,
that is
H1 = Hn+1 + 2
n∑
j=1
(√
a1 jb1 j
a2 jb2 j
· a2 j · b2 j −
√
a2 jb2 j
a1 jb1 j
· a1 j · b1 j
)2
. (7)
Since (a1,n+1, b1,n+1, c1,n+1) and (a2,n+1, b2,n+1, c2,n+1) are the sides of triangles A1,n+1B1,n+1C1,n+1 and
A2,n+1B2,n+1C2,n+1 respectively, and the areas of the triangles satisfy F1,n+1 = F1, F2,n+1 = F2, we deduce from
L. Gao’s inequality (2) that
Hn+1 ≥ 16F1F2, (8)
where the equality holds if and only if the angles C1,n+1 and C2,n+1 of triangles A1,n+1B1,n+1C1,n+1 and
A2,n+1B2,n+1C2,n+1, respectively, coincide.
By combining inequalities (7) and (8), the desired inequality (5) follows.
Next, we determine the condition of equality in (5).
By the condition of equality in (8), to prove the condition of equality asserted in Theorem 1, it is enough to prove
that
C1 j = C2 j ⇐⇒ C1, j+1 = C2, j+1 for j = 1, 2, . . . , n.
Now, the above equivalence can be deduced from the fact that
0 < C1 j < pi, 0 < C2 j < pi ( j = 1, 2, . . . , n + 1),
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and
cosC1, j+1 =
a21, j+1 + b21, j+1 − c21, j+1
2a1, j+1b1, j+1
= a1 j (b1 j + c1 j − a1 j )+ b1 j (c1 j + a1 j − b1 j )− c1 j (a1 j + b1 j − c1 j )
2
√
a1 j (b1 j + c1 j − a1 j )
√
b1 j (c1 j + a1 j − b1 j )
=
√
(b1 j + c1 j − a1 j )(c1 j + a1 j − b1 j )
4a1 jb1 j
= sin C1 j
2
,
and similarly
cosC2, j+1 = sin C2 j2 ( j = 1, 2, . . . , n).
Hence the condition of equality in (5) will follow from the condition of equality in (8). This completes the proof of
Theorem 1. 
4. Some applications
In this section we show some interesting consequences of Theorem 1.
Corollary 1. Let 0 < θ ≤ 1. Then for any two triangles A1B1C1 and A2B2C2 we have the following inequality:
a2θ1 (b
2θ
2 + c2θ2 − a2θ2 )+ b2θ1 (c2θ2 + a2θ2 − b2θ2 )+ c2θ1 (a2θ2 + b2θ2 − c2θ2 )
≥ 3 (16/3)θ Fθ1 Fθ2 + 2
(
aθ1b
θ
2 − aθ2bθ1
)2
+ 2
(√
aθ1b
θ
1(b
θ
2 + cθ2 − aθ2 )(cθ2 + aθ2 − bθ2)−
√
aθ2b
θ
2(b
θ
1 + cθ1 − aθ1 )(cθ1 + aθ1 − bθ1)
)2
, (9)
with equality holding if and only if the two triangles are equilateral for 0 < θ < 1, or the two triangles coincide in
their angles C1 and C2 for θ = 1.
Proof. Putting n = 1 in Theorem 1 gives
a21(b
2
2 + c22 − a22)+ b21(c22 + a22 − b22)+ c21(a22 + b22 − c22) ≥ 16F1F2 + 2(a1b2 − a2b1)2
+ 2
(√
a1b1(b2 + c2 − a2)(c2 + a2 − b2)−
√
a2b2(b1 + c1 − a1)(c1 + a1 − b1)
)2
, (10)
which is the inequality (9) for θ = 1.
Furthermore, by appealing to the inequality (10) with the following substitutions:
ai 7−→ aθi , bi 7−→ bθi , ci 7−→ cθi (0 < θ < 1, i = 1, 2),
the desired inequality (9) for 0 < θ < 1 will follow immediately.
The condition of equality in (9) can be obtained from Theorem 1 and Lemma 2. The proof of Corollary 1 is
complete. 
It is clear that the inequality (9) is a generalized and sharpened version of L. Gao’s inequality (2). In particular,
putting θ = 12 in inequality (9), an interesting and valuable inequality is derived as follows:
Corollary 2. For any two triangles A1B1C1 and A2B2C2 we have the inequality
a1(b2 + c2 − a2)+ b1(c2 + a2 − b2)+ c1(a2 + b2 − c2) ≥ 4
√
3
√
F1F2 + 2(
√
a1b2 −
√
a2b1)
2
+ 2
(√√
a1b1
(
c2 −
(√
a2 −
√
b2
)2)−√√a2b2 (c1 − (√a1 −√b1)2))2 , (11)
with equality holding if and only if the two triangles are equilateral.
562 S. Wu / Applied Mathematics Letters 21 (2008) 558–562
Remark. The inequality (11) is a considerable improvement of the following inequality of Ling and Mascioni [5]:
a1(b2 + c2 − a2)+ b1(c2 + a2 − b2)+ c1(a2 + b2 − c2) ≥ 4
√
3
√
F1F2. (12)
If we put in the improved inequality (11) a1 = a, b1 = b, c1 = c and a2 = b2 = c2 = 1, we obtain the following
result:
a + b + c ≥ 2 4√27√F + 2
(√
a −√b
)2 + 2( 4√ab −√c − (√a −√b)2)2 . (13)
It sharpens the inequality [6, item 4.21 with λ = 1]
a + b + c ≥ 2 4√27√F . (14)
In a special case when
a1 = a2 = a, b1 = b2 = b, c1 = c2 = c,
the inequalities (11) and (12) reduce to the well-known Finsler–Hadwiger inequality [7]:
a2 + b2 + c2 ≥ 4√3F + (a − b)2 + (b − c)2 + (c − a)2. (15)
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